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Let G be a ﬁnite Lie-type group in char. p  3 different from
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1. Introduction
In this paper we show
Theorem. Let G be a ﬁnite Lie-type group over GF(q), q = pn, p = 2, different from SL2(3), with Dynkin dia-
gram  = (I) and let V a ZpG-module, on which the root groups of G act quadratically, i.e. [V , Ar, Ar] = 0
for all roots r of the root system of G. Then V = CV (G) ⊕ [V ,G] and [V ,G] is the direct sum of irreducible
ZpG-modules V j for which one of the following holds:
(1) If G  A(q), then V j  Λi(Vnat) for some i  .
(2) If G  B(q) then each V j is isomorphic to a spin module.
(3) If G  C(q), then each V j is isomorphic to a natural module.
(4) If G  D(q), then each V j is either isomorphic to a natural or to one (of the two) spin modules.
(5) If G  2A2−1(q) = SU2(q), then each V j is a natural module.
(6) If G  2D(q), then each V j is a spin module.
(7) If G  E6(q) and
 =     

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highest weight ωi .
(8) If G  E7(q) and
 =      

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then each V j is isomorphic to Vω7 .
In the other cases, when G is isomorphic to G2(q), F4(q), E8(q), 2A2(q), 3D4(q), 2E6(q) or 2G2(3n), then
[V ,G] = 0 (i.e. V must be trivial).
In (1) Λi(Vnat) denotes the i-th exterior power of the natural module for A(q)  SL+1(q). Notice
that, if V is nontrivial, the root groups of G must be abelian by the 3-subgroup lemma. Hence G
cannot be isomorphic to 2A2(q)  SU2+1(q). (The root system of 2A2(q) is of type BC as described
on p. 126 of [Ti1]. Hence 2A2(q) has nonabelian root groups.)
The irreducible quadratic modules for G have been determined by Premet and Suprunenko [P,S].
But we do not use their results, since we have to construct the irreducible direct summands of [V ,G]
inductively anyway. (To show nonexistence causes little extra work.) The theorem actually holds for
the classical groups in (1)–(6) over arbitrary ﬁelds of characteristic different from 2 with the same
proof. Only for E6(q) and E7(q) I need to quote Maschke’s theorem to obtain a G-invariant comple-
ment from a P -invariant complement, P a maximal parabolic.
Using the theory of quadratic action developed either by J. Thompson [Th] (unpublished) or for
arbitrary groups by the author [Ti1,Ti2] one obtains the following:
Corollary. Suppose that G is a Chevalley group of type A , D or E over GF(q), q = pn = 3 and p = 2 and V
is a quadratic ZpG-module, i.e. an element of G acts quadratically on V . Then V is as in the theorem.
In fact it can be shown, that if an element of G acts quadratically, then the long root groups
have to act quadratically, see Section 7. Since the groups in the Corollary just have one class of
root subgroups, this implies the Corollary. The Corollary actually shows that it would be desir-
able to prove the theorem under the weaker hypothesis that only the long root subgroups act
quadratically. Unfortunately complete reducibility does not hold any longer under this more general
hypothesis. Counterexamples are given by the Weyl-modules Wi for C(q) = Sp(2,q) with funda-
mental highest weight ωi , 2  i  . By [Bou1, Chapter VIII] Wi is equivalent to the subspace of
Λi(Vnat) generated by i-tuples v1 ∧ · · · ∧ vi of linearly independent, pairwise perpendicular vec-
tors of Vnat. Hence the long root subgroups of Sp(2,q) act quadratically on Wi , since they act
quadratically on Λi(Vnat). Moreover Wi is always indecomposable, see [St, §12], but in general
not irreducible, see [P,S, p. 80]. (For example W2 is not irreducible for Sp(2,q),q = pn , when
p | .)
For the proof of the theorem we just use two results from the representation theory of ﬁ-
nite Lie-type groups. Namely ﬁrst, that if V is an irreducible ZpG-module, such that CV (P0i ) = 0,
where Pi is the maximal parabolic corresponding to 1  i   and P0i is the normal subgroup of
Pi generated by unipotent elements, and 〈v Xri 〉 is a natural module for Xri = 〈Ari , A−ri 〉  SL2 for
0 = v ∈ CV (P0i ), where Ari is the root subgroup of G corresponding to the fundamental root ri ,
then V is equivalent as ZpG-module to the irreducible module with fundamental highest weight ωi .
(This follows from [Cu, (9.9)], see 2.6.) Second a result of St. Smith, see [Ti3], which shows that if
V is an irreducible kG-module, k a splitting ﬁeld of char. p for G , then CV (U J ) is an irreducible
kL J -module for any subset J ⊆ I , where U J is the unipotent radical of P J and L J is a Levi-
complement.
F.G. Timmesfeld / Journal of Algebra 355 (2012) 35–60 372. Quadratic action
Let Y be a group, k a ﬁeld and V a kY -module. Then the element y ∈ Y acts quadratically on V iff
[V , y, y] = V (y − id)2 = 0 = [V , y] = V (y − id).
A subgroup A of Y acts quadratically if
[V , A, A] = 0 = [V , A].
If char.k = p, then o(y) = p and A is an elementary abelian p-group, since [V , yp] = [V , y]p = 0
for all v ∈ V . If char.k = 0 then y is of inﬁnite order and A is torsionfree abelian. (Of course all
modCY (V ).) The following lemma is of central importance for us.
Lemma 2.1. Let k be a ﬁeld with char.k = 2 and |k| > 3, A a full unipotent subgroup of X = (P )SL2(k) and V
a ZX-module on which A acts quadratically. Then the following hold:
(1) V = CV (X)⊕ [V , X] and [V , X] is the direct sum of natural SL2(k) modules.
(2) X = SL2(k), i.e. there exists a central involution ix in X.
(3) [V , X] = [V , ix] is inverted by ix.
(4) [V , A] = [V ,a] = C[V ,X](a) for each a ∈ A# .
(5) Let H be the diagonal group of X. Then
[V , X] = [V , H] and CV (X) = CV (H).
(6) CV (A) = CV (X)⊕ [V , A].
(7) 〈v X 〉 is a natural module for X for each 0 = v ∈ [V , A].
(8) Let N = 〈H,n〉, where n ∈ N(H), n2 = ix and An = A. Then each N invariant subspace of [V , X] is
X-invariant.
Proof. For (1) see [Ti1, I(3.8)(1)]. (2)–(6) are direct consequences of (1). To prove (7) and (8)
we may assume that [V , X] = V1 ⊕ V2 = W , with natural X-submodules V1 and V2. Then, as
HomX (V1, V2)  k, [W , A] is partitioned by subspaces [Vi, A], where the Vi run over the irreducible
X-subspaces of W . Hence, if 0 = v ∈ [W , A], then v ∈ [Vi, A] for some i, and thus 〈v X 〉 = Vi for
some i.
This proves (7). To prove (8) notice that N1 = [V1, A] is an irreducible H module and, if N2 = Nn1,
then V1 = N1 ⊕ N2 and N1 and N2 are nonequivalent. Now V1 is equivalent to Vχ , where Vχ  k+
as additive group and χ is an injective homomorphism from H into k∗ . With this notation
W  Vχ ⊕ Vχ ⊕ Vχ−1 ⊕ Vχ−1 .
Hence each irreducible H subspace U of W either lies in Vχ ⊕ Vχ = [W , A] or Vχ−1 ⊕ Vχ−1 =
[W , An]. Thus by (7) U +Un = 〈uX 〉 is X-invariant. Since U +Un = W for a nonirreducible H-subspace
U of W , this proves (8). 
Unfortunately 2.1 is false for SL2(3). In this case we have:
Lemma 2.2. Let X = (P )SL2(3) and A be a subgroup of order 3 of X. Let V be a ZX-module on which A acts
quadratically. Then
(1) V = CV (X ′)⊕ [V , X ′] and [V , X ′] the direct sum of natural Z3X-modules.
(2) X  SL2(3) and the central involution ix of X inverts [V , X ′].
(3) If CV (X ′) = CV (X), then 2.1(1)–(7) hold.
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[V , ix] = [V , H] and thus (1)–(7) of 2.1 hold. Unfortunately 2.1, which is of central importance for
us, is false in general for SL2(3). So we need to prove it for SL2(3)’s generated by 2 opposite root
subgroups in some larger Chevalley-group deﬁned over GF(3).
Notation 2.3. Let G = G(q) be a universal Lie-type group over GF(q), q = pn, p = 2 of rank   2
different from 2A2(q) = SU(2+1,q). (As remarked in the introduction the latter groups don’t appear
in the theorem, since they have nonabelian root groups.) Then we ﬁx the following notation:
 = (I), I = {1, . . . , } is the Dynkin diagram of G;
Φ is the (twisted) root system of G with fundamental system Π = {r1, . . . , r}.
Then Φ is a spherical root system in the usual sense. (Only the groups SU(2 + 1,q) have a root
system of type BC .) We often use without further reference the information about the extended
Dynkin diagram of [Bou2, Chapter VI, §4.3].
For r ∈ Φ let Ar be the root subgroup of G corresponding to r and Xr := 〈Ar, A−r〉 the correspond-
ing fundamental group. Then Xr  (P )SL2(q) resp. (P )SL2(q2) if Φ is twisted and r is short resp.
(P )SL2(q3) if G  3D4(q) and r is short. In any case the properties of 2.1 resp. 2.2 hold for the action
of Xr on V , if V is a ZpG-module on which Ar acts quadratically.
Let Hr := NXr (Ar) ∩ NXr (A−r) and pick nr ∈ Xr with Anrr = A−r and n2r ∈ Hr . Then [Hr, Hs] 
Hr ∩ Hs and [Hr,ns]  Hs for r, s ∈ Φ . H = ΠHr , r ∈ Φ is the Cartan subgroup of G . It is an abelian
p′-group. Let N = H〈nr | r ∈ Φ〉. Then by the above H  N and W = N/H  W (Φ) is the Weyl-group
of G . Since H normalizes all root groups, W acts on the set {Ar | r ∈ Φ} by Awr = Arw , w ∈ W . Let
U = 〈Ar | r ∈ Φ+〉 be the (full) unipotent subgroup with opposite U− = 〈As | s ∈ Φ−〉. Then U and U−
are p-Sylow subgroups of G . B = U · H is the Borel subgroup with opposite B− = U− · H . (B,N) is a
BN-pair of G .
For subset J ⊆ Π set L0J = 〈Ar | r ∈ Φ J 〉, Φ J the root subsystem spanned by J and U J = 〈Ar | r ∈
Φ+ − Φ J 〉 the unipotent radical of P J = U J L J , L J = L0J H and P0J = U J L0J . The opposite parabolic is
P−J = U−J L J where U−J = 〈Ar | r ∈ Φ− −Φ J 〉. Notice that G = 〈U J ,U−J 〉.
Set Pi = PΠ−{ri} and similarly P0i , Li and L0i . Then the Pi , i = 1, . . . ,  are the maximal parabolics.
N J = H〈nr | r ∈ J 〉 and W J = N J /H . Then the W J , J ⊆ Π are the parabolic subgroups of W . As
before Wi := WΠ−{i} . Finally we ﬁx the highest root h of Φ and the longest element w0 of W . Then
all fundamental roots appear in an expression of h as linear combination of fundamental roots and
h is always a long root. Moreover (w0) = |Φ+|. Sometimes we need the longest elements of the
parabolics Wi of W , which we denote by w0i .
By [Ti1, II(5.7) and (5.20)] Ah  Z(U ) and Σ = AGh is a class of abstract root subgroups of G in
the sense of [Ti1] (in fact a class of GF(q)-root subgroups). We sometimes use the notation of [Ti1,
II(1.1)] for Σ . By the ﬁrst paragraph of the proof of [Ti1, II(5.20)] Ch := N(Ah) is a parabolic subgroup
of G , which is in fact a maximal parabolic except in case G of type A . C0h = C(Ah) and similar if
Lh = N(Ah) ∩ N(A−h), then L0h = C(Ah) ∩ C(A−h). Let Mh be the unipotent radical of Ch and notice
that G = 〈Mh, A−h〉. Then Ah = M ′h as  2 = p. For other long roots r ∈ Φ use similar notation, i.e.
Mr , Cr , Lr , C0r and L
0
r . Moreover, if A = Agh , g ∈ G we set MA = (Mh)g .
Notice that, if Ah = A  Mh and G is not of type A , then by [Ti1, III(2.20), (2.21)] Mh is generated
by conjugates of A under Ch .
Assume from now on that G is as in 2.3 and use the notation of 2.3. Then we have:
Lemma 2.4. The following hold:
(1) Xh  SL2(q).
(2) If ih is the central involution of Xh, then ih inverts Mh/Ah = M˜h.
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C then there exists a long root s ∈ Φ+ −ΦK such that s − h ∈ Φ . Hence
[As, A−h] = As−h, [As−h, Ah] = As
and [As As−h, Ah, Ah] = [As, Ah] = 0 and [As As−h, A−h, A−h] = [As−h, A−h] = 0, which shows that
As, As−h is a quadratic Xh-module! Hence by 2.1, 2.2 As As−h is a natural module for Xh . In par-
ticular Xh  SL2(q) and ih inverts As and A˜s = As Ah/Ah . Since LK centralizes ih and M˜h is by [Ti1,
III(2.19) and (2.21)] generated by conjugates of such A˜s under LK if G is not of type A this proves
(1) and (2).
So suppose Φ is of type C . Then G  Sp(2,q) or SU(2,q). Hence Ah acts as a transvection group
on the natural G-module V and thus (1) holds by 2.1, 2.2. Now LK acts irreducibly on M˜h and thus
ih either inverts or centralizes M˜h . In the latter case ih centralizes G = 〈Mh, Xh〉 by 2.3, which is
obviously impossible, since ih neither inverts nor centralizes V . 
Lemma 2.5. Let V be a ZpG-module on which Ah acts quadratically and V = CV (Xh) ⊕ [V , Xh]. Let Vh =
[V , Ah] and V h = CV (Ah). Then the following hold:
(1) V h = Vh ⊕ CV (Xh) and, if CV (G) = 0, then CV (Mh) = Vh.
(2) [V ,Mh] ⊆ V h, [V ,Mh,Mh] = Vh = [V h,Mh] and [Vh,Mh] = 0.
(3) If Φ is not of type A or C , then CVh (L
0
h) = 0.
Proof. Since [V , Xh] is the direct sum of natural Xh-modules by 2.1 or 2.2(3) we have V h = Vh ⊕
CV (Xh). Since ih inverts M˜h it follows that Mh = Ah〈ihimh | m ∈ Mh〉. Since also V h = Vh ⊕ CV (Xmh ),
this shows that Mh centralizes Vh , V h/Vh and V /V h , as ihimh centralizes these three groups for each
m ∈ M . In particular [V ,Mh] ⊆ V h , [V h,Mh] ⊆ Vh and [Vh,Mh] = 0. Let L = [V ,Mh,Mh]. Then L ⊆ Vh
and, as M ′h = Ah , the 3-subgroup lemma applied to V /L implies L = Vh . Clearly CV (Mh) ⊆ V h . If
Vh  CV (Mh), then 0 = CV (Mh)∩ CV (Xh) ⊆ CV (G), as G = 〈Mh, A−h〉. This proves (1) and (2).
Now suppose Φ is not of type A or C and let 0 = v ∈ CVh (L0h). Let V ′ = 〈vG 〉, V˜ a maximal
proper submodule of V ′ and V = V ′/V˜ . Then V is an irreducible ZpG-module and since by 2.1(7)
〈
v Xh
〉= 〈v Xh 〉 is a natural Xh-module,
V is nontrivial. Further v ∈ V h ∩ CV (L0h). Let K be the algebraic closure of GF(q) and V̂ = K ⊗Zp V .
Then V̂ is a direct sum of irreducible KG-modules, which are permuted by Gal(K ). In particular all
the irreducible direct summands of V̂ are sums of copies of V as ZpG-module.
Let now N be an irreducible direct summand of V̂ . Then [Ti3] and (1) and (2) applied to N implies:
Nh = [N, Ah] = CN(Mh) = CNh
(
L0h
)
.
This shows V h = CV (Mh) = CV (C0h ). Let B ∈ Mh ∩ Σ , B = A (exists since Φ is not of type C) and
let MB be the unipotent radical of N(B). Then, since Ch is a maximal parabolic, G = 〈C0h ,MB〉. But
by (2), 0 = [V h, B] ⊆ V h , since Mh is generated by conjugates of B under Ch this is a contradiction to
[V h, B] ⊆ CV (MB). 
Lemma 2.6. Suppose V is an irreducible ZpG-module satisfying for some i ∈ I .
(1) CV (P0i ) = 0.
(2) 〈v Xri 〉 is a natural module for Xri  SL2(q) resp. SL2(q2) resp. SL2(q3) for some 0 = v ∈ CV (P0i ).
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tal highest weight ωi . (In the sense of [Cu].)
Proof. Let K be the algebraic closure of Zp and V an irreducible KG-module corresponding to V .
(V is a direct summand of K ⊗Zp V and whence uniquely determined up to algebraic conjugation.)
Then V is a direct sum of copies of V as ZpG-module. In particular we may assume V ⊆ V .
Now by [Cu, (9.9)] V 0 = CV (P0i ) is a 1-space. Hence by (2) 〈V
Xri
0 〉 is (an algebraic conjugate of) a
natural KXri -module. This implies that the action of Hri on V 0 is, up to algebraic conjugation, uniquely
determined. (Hri  k∗ ⊆ K ∗ , where k = GF(q) resp. GF(q2) resp. GF(q3) and thus, if we set Hri = {h(λ) |
λ ∈ k∗}, then Hri acts on V 0 by vh(λ) = λαv , for v ∈ V 0 for some α ∈ Gal(k).) In particular, since
Pi = P0i Hri , the action of Pi on V 0 is uniquely determined and thus by [Cu, (9.9)] V is isomorphic to
an algebraic conjugate of V wi , the irreducible KG-module with fundamental highest weight wi . 
Lemma 2.7. Let V be a ZpG-module satisfying [V , Aα, Aα] = 0 and V = CV (Xα) ⊕ [V , Xα] for all α ∈ Φ .
Then V = [V ,G] ⊕ CV (G).
Proof. By 2.1, 2.2 we have CV (Xα) = CV (Hα) and [V , Xα] = [V , Hα] for all α ∈ Φ . Since G = 〈Xα |
α ∈ Φ〉 this implies
CV (H) =
⋂
α∈Φ
CV (Hα) =
⋂
α∈Φ
CV (Xα) = CV (G)
and
[V , H] =
∑
α∈Φ
[V , Hα] =
∑
α∈Φ
[V , Xα] = [V ,G].
As V = CV (H)⊕ [V , H] since H is an abelian p′-group, this proves the lemma. 
2.7 explains why it is so important for us to have property 2.1(5) for the fundamental groups Xα ,
α ∈ Φ .
We need some special properties of Weyl-groups.
Lemma 2.8. The following hold:
(a) hw
0 = −h for each Weyl-group W .
(b) If  = D =   


· · ·1 2
−2
−1


 , then w0 ∈ W1W−1W and w0 ∈ W1WW−1 .
(c) If  = E6 =      ,

1 2 3 5 6
4
then w0wh = w04 .
(d) If  = E7 =       ,

1 2 3 5 6 7
4
then w0wh = w04 .
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height as h and thus (−h)w0 = h.
(b) Let N = 〈(wrwr−1 )W 〉 and N1 = N ∩ W1. Then |N : N1| = 2.
Since wr ,wr−1 ∈ W1 and W = 〈W ∩ W−1,wr ,wr−1 〉, there exists an x ∈ W ∩ W−1 with
(wrwr−1 )
x /∈ N1. Now w0 is the unique element of W with Πw0 = −Π . By the description of root
systems of type D in [Bou2, Chapter VI, §4] there exists such an element in N . Thus w0 ∈ N − N1,
since w0 /∈ W1. Hence
w0wxr−1w
x
r ∈ N1 and w0wxrwxr−1 ∈ N,
which implies w0 ∈ N1wxr−1wxr ⊆ W1W−1W and similarly w0 ∈ W1WW−1.
(c) By (a) we have hw
0wh = h. Hence w0wh acts on h⊥ ∩ Φ = Φ4 = 〈Π − r4〉. Now wh = id on
Φ4 by [Bou2, VI, §4.12], while w0 induces a diagram symmetry on  and whence on Φ4. Hence
rw
0
1 = −r6, rw
0
2 = −r5 and rw
0
3 = −r3. Thus w0 = w04 on Φ4 and w0w04wh = id on Φ4 ∪ {±h}. Since
CW (W4 × 〈wh〉) = id, this implies (c). (Since the three involutions commute pairwise.)
(d) is obvious since w0 ∈ Z(W ), w01 ∈ Z(W1) and CW (wh) = 〈wh〉 × W1. 
Lemma 2.9. Suppose Pi is a parabolic subgroup with abelian unipotent radical Ui . Then the following hold:
(1) Pi and P0i are transitive on Σ ∩ Ui .
(2) Wi is transitive on the long roots in Φ+ −Φi , Φi = 〈Π − ri〉.
Proof. Pick A ∈ Σ ∩ Ui and g ∈ G with Ag = Ah . As h ∈ Φ+ − Φi , Ah ∈ Σ ∩ Ui . Since Ui is abelian,
U gi  C(Ah) = P0K for some K ⊂ Π . Hence by [Ti4, (2.8)(2)] g ∈ Pi P K and thus gx ∈ Pi for some
x ∈ PK = N(Ah). This shows that each element of Σ ∩ Ui is conjugate to Ah by some element of Pi .
Since Pi = P0i H and H  N(An) this proves (1).
Let s be an arbitrary long root of Φ+ −Φi . Then, as s is conjugate to h by an element of W , there
exists by [Ti4, (2.8)(1)] a w ∈ WiWK with Aws = Ah . As WK ⊆ C(h) and Aws = Asw , this proves (2). 
Lemma 2.10. Suppose W is of type A . Then the following hold:
(1) w0 ∈ W × W for each x ∈ W − W .
(2) w0wh ∈ W1 ∩ W .
Proof. (1) Is obvious, since W acts doubly transitively on the cosets of W . To prove (2) notice that
w0 interchanges Φ1 and Φ . Hence w0 ∈ NW (W1 ∩ W) = (W1 ∩ W) × 〈wh〉. Since w0 /∈ W1 ∩ W ,
this proves (2). 
Lemma 2.11. Suppose W = W (B) and
 =     .· · · >1 2 
Let N = 〈wWr 〉 and N1 = N ∩ W1 . Then the following hold:
(1) whwr1w
0 ∈ N1 .
(2) There exists a t ∈ N1 with rt1 = h.
Proof. (1) We have |N : N1| = 2. It is easy to see that w0 ∈ N − N1 and whwr1 ∈ N − N1. Since
whwr1 = wr1+sws for some short root s. This implies (1).
(2) There exists a short root s ∈ Φ1 = 〈Π−r1〉 such that h = r1+2s. Considering the root subsystem
〈r1, s〉 of type B2 we see that rt1 = h for t = ws . Now the reﬂections along short roots lie all in N ,
whence t ∈ N ∩ W1 = N1. 
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We treat the groups SL3(q) and Sp(4,q) separately, since for q = 3 2.1 does not hold necessarily.
Once we have proved the main theorem for SL3(3) and Sp(4,3), we can by 2.2 assume that 2.1 holds
for the subgroups Xr  SL2(3) inside larger Chevalley groups over GF(3), since we may conjugate Xr
into some SL3(3) or Sp(4,3) generated by root subgroups.
Lemma 3.1. Suppose G  SL3(q) and V = 〈vG 〉 is a ZpG-module, where v ∈ CV (P0i ) ∩ [V , Ah], i = 1 or 2,
on which the root subgroups of G act quadratically. Suppose further that 2.1(1) holds for the action of the
subgroups Xr , r ∈ Φ on V . Then V is either the natural or dual ZpG-module.
Proof. By 2.9 Ah is conjugate to Ari in P
0
i , so that v ∈ CV (P0i ) ∩ [V , Ari ]. Hence it suﬃces by 2.6 to
show that V is irreducible, since by 2.1(7) the hypothesis 2.6(2) is satisﬁed.
By 2.7 we may assume V = [V ,G]. Since 〈v Xri 〉 is a natural SL2(q) module we have
VH :=
〈
vH
〉= 〈vHri 〉 is of order q.
By symmetry we may assume i = 1. Then V1 = 〈v P1 〉 = VH and V2 = 〈v P2 〉 = 〈v Xr1 〉 is a natural
SL2(q) module. Since w0 interchanges types we have P w
0
1 = P−2 = L2U−2 = HXr1U−2 . Let V−2 = V w
0
1 .
Then V ′ = V2 ⊕ V−2 is of order q3 and L2 invariant. Thus to prove 3.1 it suﬃces to show that V ′ is
invariant under U2 and U
−
2 , since G = 〈U2,U−2 〉.
Since 〈v Xh 〉 = VH V whH is by 2.1(7) a natural module for Xh and since w0 = wh we have
[
V−2 , Ah
]= [V whH , Ah]= VH ⊆ V2
and thus [V−2 ,U2] V2, since U2 = 〈AL2h 〉. Clearly [V−2 ,U−2 ] = [V1,U1]w
0 = 0. Now V2 = VH + V wr1H
and
[VH , A−h] =
[
VH , A
w0
h
]= [V w0H , Ah]w0 = V w0H = V−2 .
Moreover, since w0 = wr1wr2wr1 , we have
[
V
wr1
H , A−h
]= [V wr1H , Aw0h ]= [V wr1w0H , Ah]w0 = [V wr2wr1H , Ah]w0
= [V wr1H , Ah]w0  [V2, Ah]w0 = 0,
since Ah  U2 ⊆ CP2 (V2). Hence [V2, A−h] ⊆ V−2 and thus [V2,U−2 ] ⊆ V−2 , since U−2 = 〈AL2−h〉 and L2
normalizes V2 and V
−
2 . 
Lemma 3.2. Suppose G  SL3(q) and V is a ZpG-module on which the root groups of G act quadratically.
Suppose further that V = [V , Xr] ⊕ CV (Xr) for all r ∈ Φ . Then V = [V ,G] ⊕ CV (G) and [V ,G] is the direct
sum of natural or dual Zp SL3(q)-modules.
Proof. By 2.7 we may assume CV (G) = 0. We have Mh = Ah · A · B with A, B ∈ Σ . Hence by 2.5(2)
Vh =
[
V h, A
]⊕ [V h, B], where the notation is as in 2.5,
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and B  U2. Hence by 3.1 〈vG 〉 is a natural ZpG-module for 0 = v ∈ [V h, A] and 〈wG 〉 is a dual
natural ZpG-module for 0 = w ∈ [V h, B]. Since
V = [V ,G] =
∑
g∈G
V gh ,
this proves 3.2. 
Theorem 3.3. Suppose G  SL3(q) and V is a ZpG-module satisfying [V , Ah, Ah] = 0. Then V = CV (G) ⊕
[V ,G] and [V ,G] is the direct sum of natural or dual ZpG-modules.
Proof. By 2.1 and 3.2 we may assume q = 3. Let now V be of minimal dimension such that the
statement is false and let V ′ be a Z3G-submodule of V of minimal dimension = 0. Then 3.3 holds for
V ′ and V = V /V ′ . Hence it is easy to see that V ′ and V are both irreducible and V is indecomposable.
Since a nontrivial irreducible quadratic Z3 SL3(3)-module is either a natural or a dual module, it
suﬃces to lead the following possibilities to a contradiction:
(α) V ′ trivial and V natural (or dual).
(β) V ′ and V equivalent natural modules.
(γ ) V ′ natural and V dual.
(The dual module of V is also a quadratic indecomposable for G .)
Suppose ﬁrst (α) holds and pick a transvection x ∈ G . If |[V , x]| = 3, then |[V , Ah]| = 3 whence
|[V , Xh]| = 32. But then |[V , Xh] = [V , X ′h] and 2.2 implies V = CV (Xh) ⊕ [V , Xh], by 3.2 a con-
tradiction to V indecomposable. So |[V , x]| = 32. Let y ∈ CG(x) be a nonquadratic 3-element. Then
|[V , y]| = 32. If |[V , y]| = 33, then CV (y) = V ′ . But as [V , y, y] V ′ , since [V , y, y] = 0, this contra-
dicts (y − id)3 = 0.
Thus |[V , y]| = 32 = [V , y] and whence [V , y] ∩ V ′ = 0. Now 〈x, y〉 acts on [V , y] and 〈x, y〉 
Z3 ×Z3. Thus there exist a 1 = z ∈ 〈x, y〉 centralizing [V , y]. Hence |CV (z)| = 33, a contradiction since
transvections of G do not act as transvection on V .
Suppose next that (β) holds. Then CV ′ (U2)  CV (U2)  Z3 ×Z3. Let V2 = CV (U2). If V 2 = CV (U2),
then |CV (U2)| = 34 and |[V , x]| = 32 for 1 = x ∈ U2. But then again V = CV (Xh) ⊕ [V , Xh], by
3.2 a contradiction to the indecomposability of V . Thus V 2 = 0 and CV (U2) = CV ′ (U2). Moreover
|[V ,U2]| = 34, [V ,U2] = CV (U2) and |CV (x)| = 33 for 1 = x ∈ U2, since x acts quadratically on V and
V2 = 0.
Let now i be the central involution of Xr1  P2. Then i inverts U2, V2 and [V ,U2]/V2. Since[V ,U2,U2] = V2 we have for 1 = x ∈ U2 and n ∈ [V ,U2] − C(x),n−1x−1nx = [x,n]−1 = [x,n]i =
[xi,ni] = [x−1,n−1] = xnx−1n−1. Thus nx2 = n, a contradiction to n /∈ C(x).
Finally assume that (γ ) holds, i.e. V ′ is dual to V . Then CV ′ (U1) = [V ′,U1]  Z3 ×Z3. Since X ′r2 
P1 and centralizes V ′ + [V ,U1]/[V ′,U1] and X ′r2 is transitive on U#1 we obtain [V ,U1] = CV (U1) is
of order 33. (As before we have |[V , x]| = 33 for x ∈ U#1 , since otherwise the extension splits by 3.2.)
Let V1 = (V ′ + [V ,U1])∩ CV (X ′r2). Then |V1| = 32 and
1 = V1 ∩ V ′ = V1 ∩ CV (U1) = 1.
Since both subspaces are Xr2 invariant we obtain CV (X
′
r2) = V1 = CV (Xr2) and thus V = CV (Xr2) ⊕[V , Xr2 ], which again implies that the extension splits. 
Lemma 3.4. Let G = Sp(4,q) and V be a ZpG-module on which the root subgroups of G act quadratically.
Suppose further that V = CV (Xα)⊕[V , Xα] for each root α ofΦ . Then [V , A, B] = 0 for commuting elements
A, B ∈ Σ . (Σ the class of long root subgroups.)
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transitively on the commuting pairs of Σ we have V0 = [V , Ah, As] = 0. Let B = Ah ∪ {AMhs }. Then
B = As ∪ {AMsh } and Y = 〈Mh,Ms〉 acts doubly transitively on B. Further L = 〈B〉 is abelian of order
q3 and Y = LXr , since Ar  Mh and A−r  Ms (Y is the stabilizer of a singular line in the natural
representation of G). Since by 2.5(2) Y  C(V0) we obtain V0 = [V , L, L].
Let V1 = [V , L]. Then [V , Ah]+[V , As] ⊆ V1 and V1 = CV1 (Xr)⊕[V1, Xr] with [V1, Xr] = [V1, Ar]⊕[V1, A−r] by hypothesis. In particular, since V0 = 0, we obtain [V1, Xr] = 0 and thus there exists a
central involution ir in Xr . By the action of G on its natural module Vnat one has Vnat = [Vnat, Xr]
and thus ir ∈ Z(G).
Now [V , Ah] = Vh = CVh (ir) ⊕ [Vh, ir] with CVh (ir) CV1 (Xr) and [Vh, ir] ⊆ [V1, Xr]. Since by 2.1[V1, Xr] is a direct sum of natural modules for Xr  SL2(q) and [Vh, ir] is Hr-invariant and [Vh, ir]nr =
[V , As, ir] as Anrh = As , this shows by 2.1(8) that
[Vh, ir] ⊕ [V , As, ir] = T
is an Xr submodule of [V1, Xr]. Now Xr is doubly transitive on B. Hence
V1 =
∑
x∈Xr
V xh = CVh (ir)⊕
(∑
x∈Xr
[Vh, ir]x
)
= CVh (ir)⊕ T ,
since both, CVh (ir) CV1 (Xr) and T , are Xr-invariant. In particular
V1 = [V , Ah] + [V , As] and CV1(Xr) = [V , Ah] ∩ [V , As] = CV1(Y ).
Thus V0 = [V1, L] = [V1, Xr, L] is inverted by ir , since [V1, Xr] is inverted by ir and L is centralized
by ir . But this is impossible since V0  [V , Ah] ∩ [V , As] CV1 (Xr). 
Lemma 3.5. Let G = Sp(4,q) and V = 〈vG 〉, 0 = v ∈ [V , Ah], be a ZpG-module on which the root subgroups
of G act quadratically. Suppose further that V = CV (Xα)⊕[V , Xα] for each root α ∈ Φ . Then V is isomorphic
to the natural ZpG-module.
Proof. Choose the enumeration of  so that P1 = N(Ah). Then by 3.4 P01 = 〈CΣ(Ah)〉  C(v). Since
by 2.1(7) 〈v Xh 〉 is a natural Xh  SL2(q) module, we have VH = 〈vH 〉 = 〈vHh 〉 is of order q.
Let V2 = 〈V P2H 〉 = 〈V
Xr1
H 〉. Then V2 = 〈v Xr1 〉, since vHr1 = vH as H = (H ∩ P01)Hr1 . By 2.1 V2 is a
natural Xr1 -module. Let V
−
2 = V w
0
2 . Then |V ′| = q4 for V ′ = V2 ⊕ V−2 and V ′ is Xr1 -invariant, since
Aw
0
r1 = A−r1 . We show that V ′ is invariant under G = 〈U2,U−2 〉.
V2 = VH ⊕ V wr1H ⊆ C(U2). Since w0wh ∈ N(Ah) = P1 we have V w
0
H = V whH . Hence [V w
0
H , Ah] = VH ,
since VH + V whH is a natural Xh-module. Now wr1w0 = wr2wr1wr2 since W  D8. Hence
[
V
wr1w
0
H , Ah
]= [V wr2wr1wr2H , Ah]= [V wr1H , Ah]wr2 = 0,
since wr2 ∈ P1 = N(Ah)  N(VH ). This implies [V−2 , Ah]  V2 and thus [V−2 ,U2] ⊆ V2, since U2 =
〈AP2h 〉. Similarly as
[
V2,U
−
2
]= [V w02 ,U2]w0 = V w02 = V−2 ,
this shows that V = V ′ is irreducible and whence by 2.6 isomorphic to the natural ZpG-module. 
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Suppose further that V = CV (Xα) ⊕ [V , Xα] for each α ∈ Φ . Then V = CV (G) ⊕ [V ,G], [V ,G] the direct
sum of natural ZpG-modules.
Proof. By 2.7 we may assume CV (G) = 0 and V = [V ,G]. Hence by 3.5 〈vG 〉 is a natural ZpG-module
for each 0 = v ∈ [V , Ah], which proves 3.6. 
Theorem 3.7. Let G = Sp(4,q) and V be a ZpG-module on which the root groups of G act quadratically. Then
V = CV (G)⊕ [V ,G], [V ,G] the direct sum of natural ZpG-modules.
Proof. By 2.1 and 3.6 we may assume q = 3. Since the irreducible ZpG-modules satisfying the hypoth-
esis are natural, it suﬃces to show that V is completely reducible. Let V be of minimal dimension for
which this is false. Then, as in the proof of 3.3, V contains an irreducible submodule V ′ such that the
factor module V = V /V ′ is also irreducible. Since one of these modules must be the natural module,
G contains a central involution i acting nontrivially on V . Hence V ′ and V must be natural modules,
since V = CV (i)⊕ [V , i].
By 3.6 it suﬃces to show (∗) V = CV (Xα) ⊕ [V , Xα] for α ∈ Φ . If α is short, this is the case
since V = [V , Xα]. Hence we may assume V = CV (Xh) ⊕ [V , Xh]. Obviously |CV (Ah)| = 34 or 36,
since dimCV (Ah) = codim[V , Ah]. As in the second (∗) holds for Xh by 2.2, we must have the ﬁrst
possibility. Now by 2.2 V = [V , X ′h] ⊕ CV (X ′h) and both summands have order 34. Hence |CV (X ′h) ∩
CV (Ah)| = 32 and thus [CV (X ′h), Ah] CV (X ′h)∩ CV (Ah) V ′ .
Let T = CV (Ah) and Ar  Mh be a short root group. Then [T , Ar] = [V , Ah]. Hence [V , Ar] = [T , Ar]
and thus |[T , Ar]| = 33. This implies that Ar induces a transvection group on T /CV ′ (Ah), since
[V ′, Ar] ⊆ CV ′ (Ah). This shows that Ah centralizes T˜ = T /CV ′ (Ah) and the elements of Mh/Ah in-
duces transvections on T˜ (C0h is transitive on (Mh/Ah)
#) which centralize the 2-dimensional subspace
˜V ′ + CV (Ah) of T˜ . Hence the elements of (Mh/Ah)# induce transvections corresponding to the same
point or same hyperplane of T˜ . Since CT˜ (Mh) ⊆ ˜V ′ + CV (Ah) by 2.5(2), this shows that |[T˜ ,Mh]| = 3.
In particular
[T ,Mh] ⊆ CV ′(Ah)+
[
T , Agr
]
for each g ∈ Ch.
Since the short root group are quadratic this implies
[
T ,Mh, A
g
r
]

[
CV , (Ah), A
g
r
]

[
V ′, Ah
]
for each g ∈ Ch and thus [T ,Mh,Mh]
[
V ′, Ah
]
.
The three subgroup lemma yields
[T , Ah] =
[
T ,M ′h
]⊆ [T ,Mh,Mh] = [V ′, Ah],
which is a contradiction to |[V , Ah]| = 34. 
Corollary 3.8. Suppose G is a Chevalley group over GF(3) and V is a Z3G-module on which the root groups of
G act quadratically. Then either G  SL2(3) or V = CV (Xα)⊕ [V , Xα] for all roots α of Φ .
Proof. By 3.3 and 3.7 we may assume that G is not of type A2 or C2. If G = G2(3), then X2 can be
embedded into an SL3(3) generated by root groups for each root α ∈ Φ . Hence 3.8 holds by 3.3. By
contradiction we may assume that G is not of type A1. Hence  = rankG  3.
If now G is not of type C and r is long, r may be embedded in a root subsystem Ψ of type A2.
Let Y = 〈Aα | α ∈ Ψ 〉. Then Y  SL3(3). Thus, applying 3.3 to Y and V as Z3Y -module we obtain
V = CV (Xr)⊕ [V , Xr] since r ∈ Ψ .
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i.e. r = r . But then Ψ = 〈r−1, r〉 is a root subsystem of type C2 and Y = 〈As | s ∈ Ψ 〉  Sp(4,q). Since
Y satisﬁes the hypothesis of 3.7 in its action on V , this shows again that 3.8 holds for Xr .
Since each root subgroup is conjugate to a fundamental root group, this proves 3.8. 
3.8 shows that for Chevalley groups we may assume that 2.1 holds for all fundamental
groups Xα,α ∈ Φ , even in case when q = 3. In particular also 2.5 and 2.7 hold, which we will often
use without further comment. For the twisted the same will be shown in the beginning of Section 6.
4. The classical groups
We will assume in this section that G is a universal Chevalley group of type A, B,C or D over
GF(q), q = pn , p = 2 different from A1(3). Since by 2.1 the theorem holds for A1(q), q = 3 and by 3.3
resp. 3.7 if G  A2(q) or C2(q)  B2(q), we may assume that  3.
For convenience of the reader we describe the modules Vωi in the special cases occurring in the
theorem.
(i) If G = A(q)  SL+1(q), then Vωi  Λi(Vnat),1 i  , where Vnat is the natural GF(q)G-module.
Hence dimGF(q) Vωi =
( +1
i
)
.
(ii) If G = B(q)  Ω(2+ 1,q), then Vω is the spin module for G . Hence dimGF(q) Vω = 2 . In case
 = 2, Vω2 is the natural C2(q)-module. Notice that the short root groups do not act quadratically
on the natural Ω(2+ 1,q)-module.
(iii) If G = C(q)  Sp(2,q) then Vω1 is the natural GF(q)G-module.
(iv) If G = D(q) = Ω+(2,q) then Vω1 is the natural GF(q)G-modules. Vω and Vω−1 are spin mod-
ules of GF(q) dimension 2−1. They are exchanged by an automorphism coming from O+(2,q).
So, from a group theoretic view point, they don’t have to be distinguished.
Let Vnat be always the natural GF(q)G-module. We start with
Proposition 4.1. Suppose G = A(q)  SL+1(q),  3, and V is a ZpG-module on which the root groups of
G act quadratically, satisfying:
V = 〈vG 〉 where v ∈ CV (P0i )∩ [V , Ari ].
Then V is isomorphic to Λi = Λi(Vnat) as ZpG-module.
Proof. By 2.6 it suﬃces to show that V is irreducible. This will be done by induction on , where
the induction basis is 3.1. So assume that the proposition holds for − 1. Since Ari and Ah are by 2.9
conjugate in P0i , 2.1 implies that 〈v Xri 〉 and 〈v Xh 〉 are natural SL2(q)-modules. In particular
VH :=
〈
vH
〉= 〈v Pi 〉= 〈vHri 〉= 〈vHh 〉 := Vi
is of order q.
We have to split the case i = 1 or  and 2  i   − 1. In case i = 1 or  we may by symmetry
assume i = 1. Since in this case the proof is similar to 3.1 we just sketch it.
By induction assumption V = 〈v P 〉 is a natural Zp L0 module for L0  SL(q), since Ar1  U ,
v ∈ C(P01 ∩ L0) and v ∈ [〈v Xr1 〉, Ar1 ] [V, Ar1 ]. Now
P− = P w
0
1 = LU− = LUw
0
1 .
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0
1 and V
′ = V ⊕ V− . Then |V ′| = q+1, since V1 = VH is of order q. Thus it suﬃces to
show that V ′ is G = 〈U,U− 〉-invariant, since then V = V ′ is obviously irreducible. By 2.8(a) w0wh ∈
N(Ah) = P1 ∩ P . In particular V− = V w
0
1 = V whH and thus [Ah, V− ] = VH ⊆ V as VH + V whH = 〈v Xh 〉.
Since U = 〈APh 〉 this implies [V− ,U] ⊆ V .
It remains to show [V,U− ] ⊆ V− . Clearly [VH , A−h] = [V w
0
H , Ah]w
0 = V w0H = V− . Moreover
[VH , A−r ] = 0, since Xr  P01 . Since A−r = Aw
0
r1  U
−
 and U
−
 = 〈(A−h A−r )L∩P1 〉 we obtain
[VH ,U− ] = [VH , 〈(A−h A−r )L∩P1 〉] = 〈[VH , A−h A−r ]L∩P1 〉 〈(V− )L∩P1 〉 = V− .
As V = 〈V LH 〉 this implies [V,U− ] ⊆ V− , which remained to be shown.
So assume 2  i   − 1. Since Ari  L01 we may as above use induction for the action of L01 on
V1 = 〈v P1 〉 = 〈vL01 〉. Thus V1  Λi−1(Unat), Unat the natural GF(q)SL(q) module for L01. In particular
|V1| = q(

i−1) . Similarly V = 〈v P 〉 = 〈vL0 〉 is isomorphic to Λi(Unat), Unat the natural module for
L0  SL(q). Hence |V| = q(

i) . Set V−1 = V w
0
 and V
′ = V1 + V−1 . Since P−1 = P w0 , V1 and V−1 are
irreducible L01 modules and thus V1 ∩ V−1 = 0. Hence |V ′| = q(

i−1)+(i) = q(+1i ) and it remains again to
show that V ′ is invariant under U1 and U−1 = Uw0 , since then V = V ′ is obviously irreducible.
Now [V,U1] 〈V P∩P1H 〉 V ∩ V1 by the action of L0 on Λi(Unat). Claim [U1, V−1 ] ⊆ V1. For this
it suﬃces to show that V ∩ V−1 = 0, since then V−1 = 〈(V ∩ V−1 )L1 〉. By 2.10 w0 = w ′wrw with
w ′,w ∈ W . Hence V w0 = V
wr w
 . This shows
V ∩ V−1 = V ∩ V
wrw
 =
(
V ∩ V wr
)w
.
Because i  − 1 we have wr ∈ Wi  P0i  C(VH ). Hence V wH ⊆ V ∩ V−1 , which proves the claim.
Now [A−h, VH ] = V whH ⊆ V wh = V w
0
 = V−1 by 2.10(2) and [Aw
0
r , VH ] = [A−r1 , VH ] = 0, since
Xr1  P0i . As
U1 = (Ar1 · · · Ar1+···+ri−1)× (Ar1+···+ri−1+ri · · · Ah)
= 〈AL1∩Pir1 〉× 〈AL1∩Pih 〉, since U1 is a natural module for L01,
we have U−1 = 〈AL1∩Pi−r1 〉 × 〈AL1∩Pi−h 〉 and thus [U−1 , VH ] ⊆ V−1 , since L1 ∩ Pi ⊆ N(VH ). As V1 = 〈V L1H 〉
this implies [U−1 , V1] ⊆ V−1 , which remains to be shown. 
Theorem 4.2. Let G = A(q) = SL+1(q) and V be a ZpG-module on which the root groups of G act quadrat-
ically. Then V = CV (G) ⊕ [V ,G] and [V ,G] is the direct sum of irreducible modules isomorphic as ZpG-
module to Vωi = Λi(Vnat), 1 i  .
Proof. For the action of the root groups of G on V use the notation of 2.5. By 2.7 we may assume
CV (G) = 0 and V = [V ,G] = ΣV gh , g ∈ G . Let r = r1 and s = r2 + r3 + · · · + r . Then r + s = h and
Ψ = {±r,±s,±h} is a root subsystem of type A2. Hence by [St, Thm. 8] Y = 〈Aα | α ∈ Ψ 〉  SL3(q). Use
the notation Vα , Mα and iα for α = r and α = s similar as for h. Then Y = 〈Mh ∩ Y ,Mr ∩ Y ,Ms ∩ Y 〉
and by 3.3 and 2.5(2)
Vh = (Vh ∩ Vr)⊕ (Vh ∩ Vs),
since Vh ∩ Vr ∩ Vs is by 2.5 centralized by Y and ih ∈ Y inverts Vh .
Now Hwsr = Hh = Hwrs . Thus iwsr = ih = iwrs . Since by [Ti1, II(5.11)(1)] [Hr,ws]  Hs we have
[ir,ws] = is and [is,wr] = ir . iα is the unique involution in Hα . Thus ir is = ih and ir inverts Vh ∩ Vr
but centralizes Vh ∩ Vs and is inverts Vh ∩ Vs and centralizes Vh ∩ Vr . Let V 1h = CVh (C0h ) and
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for Xr . Hence ir normalizes V 1h and V
2
h . Thus the action of 〈ir, is〉 implies
V ih = CV ih (ir)⊕ CV ih (is) =
(
V ih ∩ Vs
)⊕ (V ih ∩ Vr) (∗)
for i = 1,2 since ih = ir is inverts each V ih . Now P01 = 〈C0h ,Mr〉  C(V 1h ∩ Vr) and P0 = 〈C0h ,Ms〉 
C(V 1h ∩ Vs). Thus by 4.1 〈vG 〉 = Λ1(Vnat) for each 0 = v ∈ V 1h ∩ Vr and 〈wG 〉  Λ(Vnat) for each
0 = w ∈ V 1h ∩ Vs . By (∗) this shows that 〈(V 1h )G 〉 is the direct sum of submodules isomorphic to
Λ1(Vnat) or Λ(Vnat).
Let now Wnat be the natural SL−1(q)-module. Then by induction assumption V 2h is the direct sum
of L0h-module isomorphic to Λ
i(Wnat), 1  i   − 2. Let T be an L0h submodule of V 2h isomorphic
to Λ j(Wnat), 1 j   − 2. Then by the construction of modules Λi(Vnat) in 4.1, T = 〈tL0h 〉 for some
0 = t ∈ CT ((P1 ∩ P ∩ P j+1)0)∩ [T , D] for some D ∈ Σ ∩ L0h . (P1 ∩ P = Ch .) Let
S(Ah, D) = Ah〈Σ ∩ Mh ∩ MD〉D ∩Σ.
Then by [Ti5, (2.5)(2)] 〈Mh,MD〉 acts transitively on S(Ah, D). In particular Ah is conjugate to D in
〈Mh,MD〉. But
P = 〈(P1 ∩ P ∩ P j+1)0,MD 〉 CG(t)
and P = P0J for some subset J of Π . Further P  P1 and P  P since Ah ∼ D in P and AP1h ⊆
U1 ⊆ Mh resp. APh ⊆ U ⊆ Mh . Thus {r1, r} ⊆ J and P = P0j+1. Hence 4.1 implies 〈tG〉  Λ j+1(Vnat).
This shows that 〈(V 2h )G〉 is isomorphic to a direct sum of submodules isomorphic to Λ j+1(Vnat),
1 j  − 2 and thus
V =
∑
j∈ J
V j where V j  Λi j (Vnat), 1 i j  ,
as ZpG-module. Thus, if K ⊆ J is minimal with V = ΣV j , j ∈ K , then V =⊕ j∈K V j , which proves
the theorem. 
Theorem 4.3. Let G = C(q) = Sp(2,q) and V be a ZpG-module on which the root groups of G act quadrat-
ically. Then V = CV (G)⊕ [V ,G] and [V ,G] is the direct sum of natural ZpG-modules.
Proof. By 2.7 we may assume CV (G) = 0 and V = [V ,G] and by 3.7  3. Since G acts transitively
on the pairs of commuting long root subgroups, 3.4 and 3.8 imply
[V , A, B] = 0 for A, B ∈ Σ with [A, B] = 1. (∗)
In particular C0h = 〈CΣ(Ah)〉 ⊆ C(Vh).
Let
:     .· · ·1 −1 
Then C0h = P01 and L0  SL(q). Let 0 = v ∈ Vh and VH = 〈vH 〉 = 〈vHh 〉. Then |VH | = q since 〈v Xh 〉
is a natural Xh-module. As H = (H ∩ P01)Hr1 we have
v ∈ [V , Hr1 ] ∩ CV (Ar1) ⊆ [V , Xr1 ] ∩ CV (Ar1) = [V , Ar1 ],
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(V ) = L0 ∩ P01 , 4.1 thus implies that V = 〈v P
0
 〉 = 〈vL0 〉 is a natural module for L0  SL(q).
Let s−1 = r + 2r−1, s−2 = s−1 + 2r−2, . . . , s1 = s2 + 2r1 = h. Then Ω = {r, s−1, . . . , s1} is the set
of positive long roots in Φ . Moreover we have
r
wr−1
 = s−1, s
wr−2
−1 = s−2, . . . , s
wr1
2 = s1, since 〈ri, si+1〉 is of type C2 for i = 1, . . . , − 1.
Since 〈wr−1 , . . . ,w1〉 = W  L0 and since
V
wr1 ···wri−1
H = [V , Aswr1 ···wri−11 ] = [V , Asi ] for i = 1, . . . , − 1
we obtain
V = VH + V wr1H + · · · + V
wr1 ···wr−1
H
and similarly
V− = V w
0
 = V w
0
H + V
w0wr1
H + · · · + V
w0wr1 ···wr−1
H
since w0 ∈ Z(W ), where
V
w0wr1 ···wri−1
H = [V , Asw0i ] = [V , A−si ] for i = 1, . . . , − 1
let V ′ = V ⊕ V− . Then both summands are natural L0-modules. Moreover, since [Ah, A−si ] = 1 for
i = 1, . . . , − 1, we have
[
V
w0wr1 ···wri
H , Ah
]= 0 for i = 1, . . . , − 1 by (∗).
Since [Ah, V w0H ] = [Ah, V whH ] = VH , as VH + V whH is a natural Xh-module and w0wh ∈ P1 = N(VH ),
this implies
[
Ah, V
−

]= VH ⊆ V.
Since U = 〈Aα | α ∈ Ω〉 we have U = 〈AL
0

h 〉. Hence
[
U, V
−

]⊆ V and [U− , V]⊆ V−
conjugating by w0. This shows that V ′ is invariant under 〈U,U− 〉 = G and is by 2.6 an irreducible
ZpG-module isomorphic to the natural module. Since V = 〈V Gh 〉 and 〈vG 〉 is a natural ZpG-module
for each 0 = v ∈ Vh this proves 4.3. 
Lemma 4.4. Let G = B(q)  Ω+(2+ 1,q),  2 with
:    · · ·1 −1 
and let V = 〈vG 〉with 0 = v ∈ [V , Ah]∩CV (P0 ) be aZpG-module onwhich the root groups of G act quadrat-
ically. Then V is as ZpG-module isomorphic to the spin module for G.
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is the spin module for B2(q). So we may assume   3. Since H = (H ∩ P0 )Hr = (H ∩ P0 )Hh we
obtain
VH =
〈
vH
〉= 〈vHr 〉= 〈vHh 〉 is of order q.
Let V1 = 〈V P1H 〉 = 〈v P
0
1 〉 = 〈vL01 〉. Since Ar  L01 ∩ U , we may apply induction to the action of L01 
B−1(q) on V1. Hence V1 is a spin module for L01. In particular |V1| = q2
−1
. Let V−1 = V w
0
1 and
V ′ = V1 + V−1 . Then, since V1 and V−1 are irreducible L01 modules, V1 ∩ V−1 = 0 and |V ′| = q2

. Thus
by 2.6 it suﬃces to show that V ′ is invariant under G = 〈U1,U−1 〉.
By the action of L01 on V1 we have 〈vL〉 is a spin module for L = L01∩ L02. Since [Xr1 , (L1∩ L2)0] = 1,
〈vL〉 ⊆ V wr11 . Hence V1 ∩ V
wr1
1 = 〈vL〉 and [U
wr1
1 ∩ Mh, V1] ⊆ V1 ∩ V
wr1
1 , as (U
wr1
1 ∩ Mh)U1 = MhU1
is the unipotent radical of P1 ∩ P2 and V1/V1 ∩ V wr11 is an irreducible L-module. Conjugating with
wr1 ∈ W2 ⊆ N(Ah) we obtain [U1 ∩ Mh, V
wr1
1 ] V1 ∩ V
wr1
1 .
Now 2.11 shows that there exists an involution t ∈ W1 with rt1 = h. Hence V1∩ V wh1 = (V1∩ V
wr1
1 )
t
and
[
U1 ∩ Mr1 , V wh1
]= [U1 ∩ Mh, V wr11 ]t  (V1 ∩ V wr11 )t = V1 ∩ V wh1 .
By 2.11 wh = wr1ww0 for some w ∈ W1 since w0 ∈ Z(W ). Hence
V whH = V ww
0
H ⊆ V w
0
1 ⊆ V−1 .
Since [Ah, V whH ] = VH ⊆ V1 and U1 = Ah(U1 ∩ Mr1) we have [U1, V whH ] ⊆ V1. As V−1 = 〈(V whH )L
0
1 〉 this
implies [U1, V−1 ] ⊆ V1. Conjugating this equation with w0 this proves 4.4. 
Theorem 4.5. Let G = B(q),  2 and V be a ZpG-module on which the root groups of G act quadratically.
Then V = CV (G)⊕ [V ,G] and [V ,G] is the direct sum of spin modules.
Proof. By 2.7 we may assume CV (G) = 0 and V = [V ,G] = ΣV gh , g ∈ G . By 4.3 without loss   3.
Now
C0h = P02 = Mh
(
Xr1 × (L1 ∩ L2)0
)
, (L1 ∩ L2)0 = 〈Xr3 , . . . , Xr〉
and Xh × Xr1 is contained in a subgroup isomorphic to B2(q), whose root groups are also root groups
of G . Hence 3.4 applied to the action of this subgroup on V implies [Vh, Xr1 ] = 0. By 2.5(3) CVh ((L1 ∩
L2)0) = 0, so that by induction on  we may assume that Vh is the direct sum of spin modules for
(L1 ∩ L2)0  B−2(q). (If  = 3, then (L1 ∩ L2)0 = Xr3 and thus Vh is the direct sum of natural module
for Xr3  SL2(q) by 2.1.)
Now U1 = (U1 ∩ Mh)Ar1 ⊆ C(Vh) by 2.5(2). Let V1 = 〈(V P1h )〉. Then U1 ⊆ C(V1) and thus V1 =
〈V L01h 〉. Since Vh = [Vh, (L1 ∩ L2)0] by the above, 2.7 implies CV1 (L01) = 0 and V1 = [V1, L01]. Hence by
induction we may assume that V1 is the direct sum of spin modules for L01  B−1(q). In particular
CV1 (U ) = CV1 ((P1 ∩ P)0). (U the full unipotent subgroup of G .) Hence CVh (U ) is centralized by
〈Xr1 , (P1 ∩ P)0〉 = P0 . But then 4.4 implies that 〈vG 〉 is a spin module for G for each 0 = v ∈ CVh (U ),
which obviously proves the theorem, since Vh = 〈CVh (U )L1∩L2 〉 by the above. 
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:   


· · ·1 2

−1


and V = 〈vG 〉 with 0 = v ∈ CV (P01)∩ [V , Ah] be a ZpG-module on which the root groups of G act quadrati-
cally. Then V is isomorphic to the natural module.
Proof. Since Ah is conjugate to Ar1 in P
0
1 by 2.9, v ∈ [V , Ar1 ]. Hence by 2.1 we get VH = 〈vH 〉 =
〈vHr1 〉 = 〈vHh 〉 is of order q. Let V j = 〈V P jH 〉 for j =  and  − 1. Then V j is by 4.1 isomorphic to
the natural L0j  SL(q)-module. In particular [V j,U1] = VH , [U−1, V] = V ∩ V−1 and [U, V−1] =
V ∩ V−1.
If  is even, then P− = P w
0
 and if  is odd then P
−
 = P w
0
−1. Thus let V
−
 = V w
0
 resp. V
−
 = V w
0
−1.
Then V ∩ V− = 0, since both are irreducible L0 modules. Let V ′ = V ⊕ V− . Then |V ′| = q2 and
it suﬃces by 2.6 to show that V ′ is G = 〈U,U− 〉 invariant. By 2.8(b) w0 = w1w−1w with w1 ∈
W 1,w−1 ∈ W −1 and w ∈ W  . Hence
V−1 ⊇ V w−1H = V w
1w−1
H = V w0(w
)
−1
H ⊆
(
V−
)(w)−1 = V−
and so V−1 ∩ V− = 0. Since V− = 〈(V−1 ∩ V− )L 〉 this implies [U, V− ] ⊆ V . If  is even then,
conjugating this inequality with w0, we also obtain [U− , V] ⊆ V− .
Thus it remains to show [U− , V] ⊆ V− in case  is odd. Set in this case V−−1 = V w
0
 . Then,
conjugating with w0, the above inequality is equivalent to
[
U−1, V−−1
]= [U−1, V w0 ]⊆ V−1.
But this follows from V ∩ V−−1 = 0, which is as above a consequence of w0 ∈ W 1W W −1.
(By 2.8(b).) 
Lemma 4.7. Let G = D(q)  Ω+(2,q),  4, and V = 〈vG 〉 be a ZpG-module, where 0 = v ∈ [V , Ah] ∩
CV (P0j ) for j =  or  − 1, on which the root groups of G act quadratically. Then V is isomorphic to a spin
module.
Proof. We prove the lemma by induction on , where the induction basis  = 3 is given by 4.1.
(Ω+(6,q)  SL4(q) and the spin module for Ω+(6,q) is the natural or dual module for SL4(q).) By
symmetry we assume j = . Since Ah is conjugate to Ar in P0 by 2.9 we obtain as in 4.6
VH =
〈
V H
〉= 〈V Hh 〉= 〈vHr 〉 is of order q.
Let V1 = 〈V P1H 〉. Then, since Ar  U1, V1 is a spin module for L01  Ω+(2 − 2,q). In particular
|V1| = q2−2 . Now P−1 = P w
0
1 . Let V
−
1 = V w
0
1 . Then V1∩V−1 = 0, since both are irreducible L01 modules.
Let V ′ = V1 ⊕ V−1 . Then |V ′| = q2
−1
and it suﬃces by 2.6 to show that V ′ is G = 〈U1,U−1 〉-invariant.
By 4.1 V−1 = 〈V P−1H 〉 is a natural module for L0−1  SL(q). Hence 〈V P1∩P−1H 〉 ⊆ V1∩V−1 and the
latter is a hyperplane of V−1. Thus [U1, V−1] ⊆ V1. As w0 = (w0)−1 2.8(b) shows w0 = ww−1w1
with wi ∈ Wi for i = , − 1 or 1. Hence
V−1 =
(
V−1
)(w1)−1 ⊇ V w0(w1)−1H = V ww−1H = V w−1H ⊆ V−1.
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obtain [U−1 , V1] ⊆ V−1 , which proves the lemma. 
Theorem 4.8. Let G = D(q)  Ω+(2,q),  4 and V be a ZpG-module on which the root groups of G act
quadratically. Then V = CV (G)⊕ [V ,G] and [V ,G] is the direct sum of natural and spin modules for G.
Proof. We prove the theorem by induction on . By 2.7 we may assume CV (G) = 0 and V = [V ,G]. By
2.5(3) CVh (C
0
h ) = 0. Now C0h = P02 and L02 = Xr1 × Y with Y = 〈Xr3 , . . . , Xr〉  Ω+(2− 4,q). (If  = 4,
then Y  SL2(q) ∗ SL2(q) = Ω+(4,q).) By [Ti5, (4.3)] S(Ar1 , Ah) = 〈Ar1 〈Mr1 ∩ Mh ∩ Σ〉Ah ∩ Σ〉 carries
the structure or a (2 − 2)-dimensional orthogonal space over GF(q) and P = 〈Mr1 ,Mh, Y 〉 induces
the Ω+(2− 2,q) on S(Ar1 , Ah). Since U  Mh(Ar1 × Y ) P , U the full unipotent subgroup, P H is a
parabolic subgroup containing property 〈B, Xr3 , . . . , Xr〉 = P1 ∩ P2. Hence P H = P1 and P = P01 . Now,
as U1 = (U1 ∩ Mh)Ar1 , we have P01 = 〈Mr1 ,Mh〉 and thus by 2.5 P01 ⊆ C([Vh, Ar1 ]).
As Y  P01 it follows Y  C([Vh, Ar1 ]) and thus Y  C([Vh, Xr1 ]). Now 2.7 applied to the action of
Y on CVh (Xr1) implies Vh = [Vh, Xr1 ] ⊕ [Vh, Y ], since CVh (L02) = 0. In particular, if  = 4, then
Vh = [Vh, Xr1 ] ⊕ [Vh, Xr3 ] ⊕ [Vh, Xr4 ].
4.6 shows that 〈vG 〉 is a natural ZpG-module for each 0 = v ∈ [Vh, Ar1 ]. Thus, if  = 4, then by
symmetry 〈wG 〉 is for 0 = w ∈ [Vh, Ari ], i = 3 or 4 also an 8-dimensional GF(q)-module, which is
conjugate to 〈vG 〉 by a triality automorphism.
Hence the theorem holds in case  = 4 and we may assume  5. Let V1 = 〈[Vh, Ar3 ]P
0
1 〉. Then, as
U1 = (U1∩Mh)Ar1 ⊆ C([Vh, Ar3 ]), since Ar1  Xr1  C([Vh, Y ]), U1 ⊆ C(V1) and V1 is a Zp L01-module.
Moreover by 2.7 CV1 (L
0
1) = 0, since
[Vh, Ar3 ] ⊆ [Vh, Ar3 , Xr3 ] ⊆
[
V1, L
0
1
]
.
Thus by induction assumption V1 is the direct sum of natural or spin modules for L01. Suppose V˜1 is
a direct summand isomorphic to a natural module. Then,
0 = CV˜1
(
P01 ∩ P02
)⊆ CV˜1(Mh) ⊆ V˜1 ∩ Vh
by 2.5(1). Thus CV˜1 (P
0
1 ∩ P02) ⊆ CVh (〈Ar1Y 〉) = [Vh, Xr1 ] ∩ CVh (Ar1) = [Vh, Ar1 ] and Ar1 ⊆ U1. Hence
〈vG 〉 is a natural module for each 0 = v ∈ CV˜1 (P01 ∩ P02) as shown before.
Let V 1 be a direct summand of V1 isomorphic to a spin-module. Then by 2.5(1) 0 = CV 1 (P01 ∩
P0j ) ⊆ CV (Mh) ⊆ Vh , since Mh ⊆ U ⊆ P01 ∩ P0j for j =  or  − 1. Suppose without loss j = . By
the action of L01 on the spin module we have CV 1 (P
0
1 ∩ P0 ) = CV 1 (U1U2) = CV 1 (Mh) ⊆ Vh by 2.5(1),
whence 〈CV 1 (P01 ∩ P0 )P
0
1∩P02 〉 ⊆ Vh and is again a spin module for (L1 ∩ L2)0. This shows
CV 1
(
P01 ∩ P0
)∩ [V 1 ∩ Vh, Ar ] = 0.
But [Vh, Ar ]  [Vh, Y ] is centralized by Xr1 . Hence a vector 0 = v in this intersection is centralized
by P0 = 〈Xr1 , P01 ∩ P0 〉 and thus 〈vG 〉 is a spin module for G . Since any root group in Y is conjugate
to Ar3 , this shows that [Vh, Y ] is contained in the sum of such 〈vG 〉. As [Vh, Ar1 ] is contained in the
sum or natural ZpG-modules and Vh = [Vh, Y ] ⊕ [Vh, Xr1 ], this proves the theorem. 
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In this section we assume that G is an exceptional Chevalley group over the ﬁnite ﬁeld GF(q),
q = pn , p  3. We will make use of Maschke’s theorem in the following form: If V is a ﬁnite dimen-
sion ZpG-module and V0 a submodule, then there exists a G invariant complement, if there exists a
P -invariant complement, P a parabolic subgroup of G . Since P contains a p-Sylow-subgroup this is a
version of Maschke’s theorem. We start with:
Lemma 5.1. Let G = E6(q) and V = 〈vG 〉 be a nontrivial ZpG-module on which the root groups of G act
quadratically, where 0 = v ∈ CV (P0i )∩ [V , Ah], i = 1 or 6. Then V  Vwi as ZpG-module.
Proof. By symmetry we may without loss assume i = 6. We prove the lemma by induction on dim V .
(Notice dim V < ∞, since |G| < ∞.) By 2.9 Ah and Ar6 are conjugate in P06 , so that v ∈ [V , Ar6 ].
Hence 〈v Xr6 〉 is by 2.1 a natural Xr6 -module. Since H = (H ∩ P06)Hr6 = (H ∩ P06)Hh , we obtain that
VH = 〈vH 〉 = 〈vHr6 〉 = 〈vHh 〉 is of order q.
Since 〈v Xr6 〉 is by 2.1 a natural Xr6  SL2(q) module, 2.6 shows that 5.1 holds if V is irreducible.
So without loss V is not irreducible. Let V ′ be a maximal G-submodule of V . Then V = V /V ′
is irreducible. Since v /∈ V ′ and 〈v Xr6 〉 is a natural Xr6 -module 〈v Xr6 〉 is also a natural Xr6 module.
Hence V  Vωr6 . In particular |V | = q27. We construct a P1-invariant complement V˜ to V ′ .
L01  D5(q) and U1 ⊆ C(VH ). Hence 4.6 implies that V1 = 〈V P1H 〉 is the natural module for L01. In
particular |V1| = q10. Let V4 = 〈V P4H 〉. Then V4 is by 4.1 a natural module for L04  SL6(q). Since P4 ∩
P6 normalizes VH , P1 ∩ P4 is the stabilizer of a GF(q)-hyperplane of V4 and whence |V1 ∩ V4| = q5.
In particular [U1, V4] = V1 ∩ V4. Now P−1 = P w
0
6 . Hence L1 = P1 ∩ P w
0
6 and L6 ⊆ P6 ∩ P−6 = P1 ∩ P w
0
1 .
This implies L1 = Lw06 .
Let w4 = w04 be the longest element in W4. Then L1 ∩ L4 = Lw
4
6 ∩ L4 normalizes V ω
4
H , since by
2.8(c) w4w0 = wh and wh centralizes L4 as wh = id on Φ4. Let V 1 = 〈(V w4H )L1 〉. Then, since the
parabolic subgroup (U4 ∩ L1)(L1 ∩ L4) of L1 normalizes V w4H , 4.7 implies that V 1 is a spin module
for L01. In particular |V 1| = q16 and V1 ∩ V 1 = 0, since both are irreducible modules for L1.
Let V−1 = V w
0
H = V w
0
6 , where V6 = 〈V P6H 〉 = VH . Then V−1 is L1 invariant and V−1 ∩ (V1 ⊕ V 1) = 0.
Let V˜ = V1 ⊕ V 1 ⊕ V−1 . Then |V˜ | = q27 and V˜ is L1-invariant. We claim that V˜ is also U1-invariant
and hence P1-invariant.
As [V w4H ,U1] [V4,U1] V1 ∩ V4 we obtain [V 1,U1] ⊆ V1. Now, as w0 = whw4, we have
[
Ah, V
−
1
]= [Ah, V w0H ]= [Ah, V whw4H ]= [Ah, V whH ]w4 = V w4H  V 1,
since W4 centralizes wh and thus ﬁxes h. Since U1 = 〈AL1h 〉 this shows that [U1, V−1 ] ⊆ V 1, which
proves the claim.
Let by Maschke’s theorem V̂ be a G-invariant complement to V ′ . Then V̂  V as ZpG-module and
thus V̂  Vω6 . Now v /∈ V̂ since V = 〈vG 〉. Then V /V̂ satisﬁes the hypothesis of 5.1 as ZpG-module,
since it is nontrivial as 〈v Xh 〉 ∩ V̂ = 0. Thus by minimality of dim V , we obtain V /V̂  Vω6  V ′ .
Hence V = V ′ ⊕ V̂ is the direct sum of two modules isomorphic to Vω6 . Hence there exist q − 1
diagonal submodules W i , i = 1, . . . ,q − 1 isomorphic to Vω6 . In particular CV (P06) is partitioned by
{V ′ ∩ CV (P06), V̂ ∩ CV (P06),W i ∩ CV (P06), i = 1, . . . ,q−1}. Thus v ∈ W i and V = 〈vG 〉 = W i for some i,
a contradiction to the assumption that V is not irreducible. 
Theorem 5.2. Let G = E6(q) and V be a ZpG-module on which the root groups of G act quadratically. Then
V = CV (G)⊕ [V ,G] and [V ,G] is the direct sum of irreducible ZpG-modules isomorphic to Vω1 or Vω6 .
Proof. By 2.7 we may assume CV (G) = 0 and [V ,G] = V . By 2.5(c) CVh (L04) = 0, since C0h = P04 . Hence
Vh is by 4.2 the direct sum of Zp L04 modules isomorphic to Λ
i(Vnat), 1  i  5, where Vnat is the
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that there exists no L04 submodule isomorphic to Λ
i(Vnat) for 2 i  4.
Suppose that T is a direct summand of Vh isomorphic to Λ2(Vnat) as Zp L04-module. Then CT (U ) =
CT ((P2 ∩ P4)0). Since 〈Xr1 , Xr3 , Xr5 〉 ⊆ C(CT (U )), but since by 4.8 applied to 〈CT (U )P
0
 〉 we obtain
Xr4  C(CT (U )). Hence 4.8 implies that 〈CT (U )P6 〉 is the direct sum of isomorphic spin modules for
L06  D5(q). In particular Xr2  C(CT (U )), which contradicts T  Λ2(Vnat).
The symmetric argument shows that there is not submodule isomorphic to Λ4(Vnat). Next suppose
T is a submodule isomorphic to Λ3(Vnat). Then 〈Xr1 , Xr2 , Xr5 〉 ⊆ C(CT (U )) but Xr4  C(CT (U )) by 4.8.
Hence again 〈CT (U )P6 〉 is a direct sum of isomorphic spin modules for L06 and thus Xr3  C(CT (U )),
a contradiction to T  Λ3(Vnat).
This proves our claim that Vh is the direct sum of natural or dual L04-modules. Let T be a summand
isomorphic to the natural module. Then CT (U ) = CT ((P1 ∩ P4)0) and (L4 ∩ P1)0  N · SL5(q), N par-
titioned by N ∩ Σ and [T , A] = CT (U ) for each A ∈ Σ ∩ N . In particular by 2.5 〈(P1 ∩ P4)0,MA | A ∈
Σ ∩ N〉 ⊆ C(CT (U )). Since 〈MA | A ∈ Σ ∩ N〉 is not contained in P4, this shows that P01  C(CT (U )).
Hence by 5.1 〈vG 〉 is isomorphic to Vω1 for each 0 = v ∈ CT (U ). Since the symmetric argument shows,
that if Q is a dual natural submodule of Vh and 0 = v ∈ CQ (U ), then 〈vG 〉 is isomorphic to Vω6 , this
proves 5.2. 
Lemma 5.3. Let G = E7(q) and V = 〈vG 〉 be a ZpG-module on which the root groups of G act quadratically,
where 0 = v ∈ CV (P07)∩ [V , Ah]. Then V  Vω7 as ZpG-module.
Proof. Clearly dim V < ∞. We prove 5.3 by induction on dim V . By 2.9 Ah and Ar7 are conjugate
in P07 . Hence v ∈ [V , Ar7 ] and 〈v Xr7 〉 is by 2.1 a natural Xr7 -module. Thus it suﬃces by 2.6 to show
that V is irreducible.
Let VH = 〈vH 〉 = 〈vHr7 〉 = 〈vGH 〉. Then |VH | = q, since H = (H ∩ P07)Hr7 . Assume without loss
that V is not irreducible. Let V ′ be a maximal G-submodule of V . Then V = V /V ′ is irreducible
and nontrivial, since V ′ ∩ 〈v Xr7 〉 = 0. Hence V satisﬁes the hypothesis of 5.3 and thus V  Vω7 . In
particular |V | = q56.
As in 5.1 we construct a P1-invariant complement to V ′ . Let V1 = 〈V P1H 〉. Then V1 is by 4.6 iso-
morphic to the natural L01  D6(q)-module, since Ar7  U7U1 but Ar7  U1. Let V4 = 〈V P4H 〉. Then V4
is by 4.1 a natural L04  SL7(q) module. Moreover 〈V P1∩P4H 〉 = V1 ∩ V4 is a GF(q) hyperplane of V4.
Hence [U1, V4] = V1 ∩ V4. Let w4 = w04 be the longest element of W4. Then w4 induces a diagram-
symmetry on −{4}. Thus (L1 ∩ L04)w4 = (L7 ∩ L04) and (L1 ∩ L04) = (L7 ∩ L04)w4 . In particular (L1 ∩ L04)
centralizes V w4H . Now V4 = (V1∩V4)⊕V w4H . Let V 1 = 〈(V w4H )L1 〉. Since (L1∩ L4)(U4∩ L1) is a parabolic
subgroup of L1, 4.7 shows that V 1 is a spin module for L01. In particular |V 1| = q2
5 = q32, V1 ∩ V 1 = 0
and |V1 ⊕ V 1| = q44.
Set V−1 = V ω
0
1 . Then V
−
1 is also a natural module for L
0
1, since ω
0 ∈ Z(W ) and thus Lw01 = L1. Fur-
ther V−1 ∩ (V1 ⊕ V 1) = 0 and V˜ = V1 ⊕ V 1 ⊕ V−1 is L1 invariant of order q56. Since [V ω4H ,U1] 
V1 we have [V1,U1] = V1. Thus, to show that V˜ is a P1-invariant complement to V ′ , it suf-
ﬁces to show that [V−1 ,U1] ⊆ V1 ⊕ V 1. (Clearly V˜ ∩ V ′ = 0 since V1 ∩ V ′ = 0, so that V ′ ⊕
V˜ = V .)
For this let V7 = 〈V Xr7H 〉 = VH ⊕ V
ωr7
H , since by 2.1 V7 is a natural module for Xr7 . Let V
7 = 〈V L77 〉.
We claim that V 7/VH  Vω6 as L07-module. Since 〈Xr1 , . . . , Xr5 〉 C(Xr7 ) it follows that (L6 ∩ L7)0 ⊆
C(V7). As U7U6 = Ar7U6 we have U7U6(L6 ∩ L7)0 ⊆ C(V7/VH ). Now (U6 ∩ L7)(L6 ∩ L7)0 is a parabolic
subgroup of L07. Since V7  V4, as Xr7  L04 and V4/VH is a natural module for (L7 ∩ L4)0, we have
V4  V 7 and thus
V7/VH = [V4/VH , As] for some s ∈ Φ7 ∩Φ4.
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and |V L1∩L77 | = q11 by 4.6. Since Ah  U7 and U ′7 = 1, as U7 is a ‘natural’ L07  E6(q)-module, 2.9(2)
implies
w−1wr7w = wh = w0w01 for some w ∈ W7,
by 2.8(d). This shows that
V−1  V
w0w01
H = V
w−1wr7w
H = V
wr7w
H  V
w
7  V 7.
Hence V−1 ∩ V 7 = 0 and V−1 ∩ V 7 = VH . By 2.10 applied to W4 we have
w04 = w4 = xwr7 y for x, y ∈ W4 ∩ W7.
Hence V 1  V w4H = V
wr7 y
H  V
y
7 ⊆ V 7. Since V 1/VH is the direct sum of 2 spin modules for (L7 ∩ L1)0
we obtain:
VH V
1 ∩ V 7 = VH
〈(
V w4H
)L1∩L7 〉 is of order q17.
In particular |(V1 ⊕ V 1) ∩ V 7| = q11 · q16 = q27. Hence (V1 ⊕ V 1) ∩ V 7 is a GF(q) hyperplane of V 7.
As shown above U7  Ar7U6 centralizes V7/VH and thus V 7/VH . Hence U1  P7 ⊆ N(V 7). Since U1
normalizes V1 ⊕ V 1, this shows that
[
U1, V
7] (V1 ⊕ V 1)∩ V 7 and in particular [U1, V 7 ∩ V−1 ] V 1 ⊕ V1.
This ﬁnally shows [U1, V−1 ] ⊆ V1 ⊕ V 1, as V−1 is an irreducible L01 module.
We have shown that V˜ is a P1-invariant complement to V ′ in V . Now the proof can be completed
exactly as in 5.1. 
Theorem 5.4. Let G = E7(q) and V be a ZpG-module on which the root groups of G act quadratically. Then
V = CV (G)⊕ [V ,G] and [V ,G] is a direct sum of irreducible modules isomorphic to Vω7 .
Proof. By 2.7 we may assume CV (G) = 0 and V = [V ,G]. Now C0h = P01 . Thus Vh is by 2.5(3) and 4.8
the direct sum of natural and spin modules for L01  D6(q). We show that there are no direct sum-
mands, which are spin modules.
Suppose by contradiction T is a direct summand of Vh isomorphic to a spin module. Then
CP01
(
CT (U )
)= (P1 ∩ P2)0 or (P1 ∩ P4)0.
Choose 0 = v ∈ CT (U ). By the action of D6(q) on the spin module, CT (U )  [T , As] for some s ∈ Φ1
with As  Z(U ∩ L1). Now by [Ti5, (2.5) and (4.5)] R = 〈U ,Ms〉 normalizes S(Ah, As) = Ah〈Σ ∩ Mh ∩
Ms〉As and is a parabolic subgroup with Levi complement isomorphic to D5(q). Since R  P01 , as Ah
and As are by [Ti5, (2.5)] conjugate in R , R = (P6 ∩ P7)0. Hence by 2.5
G = 〈R, (P1 ∩ Pi)0〉 C(v) for i = 2 or 4,
a contradiction.
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CP01
(
CQ (U )
)= (P1 ∩ P7)0.
By the action of L01 on a natural module CQ (U )  [Q , As] for the highest root s of Φ1. Hence again
R = 〈U ,Ms〉 = (P6 ∩ P7)0  C(v) for each 0 = v ∈ CQ (U ). This implies P07 = 〈(P1 ∩ P7)0, (P6 ∩ P7)0〉
C(v) and thus 〈vG 〉 is isomorphic to Vω7 by 5.3. Since Q = 〈v P1 〉 ⊆ 〈vG 〉 this shows that Vh is
contained in the direct sum of submodules isomorphic to Vω7 , which proves the theorem. 
To make the paper independent of [P,S] we ﬁnally prove:
Lemma 5.5. For G = G2(q), F4(q) or E8(q) there does not exist a nontrivial ZpG-module on which the root
groups of G act quadratically.
Proof. Assume by way of contradiction that V is an irreducible nontrivial ZpG-module on which
the root groups of G act quadratically. By 2.7 we may assume V = [V ,G]. We must treat the cases
G2(q), F4(q) and E8(q) separately.
Suppose ﬁrst G = F4(q). Then by 2.5(3) and 4.3 Vh is the direct sum of natural modules for L04 
Sp(6,q), if
:    <1 4
since Ch = P4. Let T be a direct summand of Vh which is a natural module for L04 and 0 = v ∈ CT (U ).
Then v ∈ [T , As], s the highest root of Φ4 and CP4 (v) = (P1 ∩ P4)0. But then by 4.5 L01  C(v), since
L01  B3(q), a contradiction to Xr4  C(v).
Next assume G = G2(q) and
:   .<1 2
Then by 3.8 the hypothesis of 2.5 also holds in case q = 3. Thus Ch = P2 and Vh = [Vh, Xr1 ] =[CV (Ah),Mh] by 2.5(2) and (3), since L0h = Xr1 . Now s = 3r1 + r2 is a long root different from h with
[As, Ar1 ] = 1. Hence T = [V h, As] ∩ [Vh, Ar1 ] = 0, since [V h, As]  Vh and is Ar1 -invariant and since
CVh (Ar1 ) = [Vh, Ar1 ]. Suppose p = 3. Then there is symmetry between long and short root groups and
thus by 2.5 [V , As] ⊆ CV (Ms) and [V , Ar1 ] ⊆ CV (Mr1 ). Hence
G = 〈Mh,Ms,Mr1〉 C(T )
a contradiction. Thus we may assume p = 3. But then M˜h = Mh/Ah is an irreducible Xr1 module on
which Ar1 does not act quadratically. But if 1 = t ∈ CV (Xh)∩ CV (Xr1) then the map
m˜ → [m, t], m ∈ Mh − Ah
is a nontrivial Zp Xr1 -homomorphism from M˜h into Vh . Since M˜h is an irreducible Xr1 -module, the
map must be injective, which is a contradiction as Ar1 is quadratic on Vh .
Hence CV (Xh)∩ CV (Xr1) = 0. As CVh (Xr1) = 0= CV−h (Xr1) by 2.5(3), this implies CV (Xr1) = 0 and
whence the central involution i of Xr1 inverts V . Hence i ∈ Z(G), a contradiction to the fact that by
[Cu, pp. 99 and 198] a universal Chevalley group of type G2 is simple.
So we may ﬁnally assume G = E8(q) and
:       1 8
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isomorphic to Vω7 . Let T be a submodule isomorphic to Vω7 and 0 = v ∈ CT (U ). Then CP08 (v) = (P8 ∩
P7)0 and v ∈ [T , As], s the highest root in Φ8. Hence R = 〈U ,Ms〉 normalizes S(As, Ah) = As〈Ms ∩
Mh ∩ Σ〉Ah and R is by [Ti5, (4.5)] a parabolic subgroup of G with Levi complement isomorphic to
D7(q). Hence R = P01 and thus by 2.5
G = 〈CP08 (v), R〉⊆ C(v),
a contradiction. This proves 5.5. 
6. Twisted groups
Let in this section G be one of the groups 2A(q), 2D(q), 2E6(q), 3D4(q) or 2G2(q) with (twisted)
root system Φ , q = pn , p  3 and V a nontrivial ZpG-module on which the root groups of G act
quadratically. We will show that for these groups also the main theorem holds.
First notice, that if G = 2A(q) = SU+1(q), then  is odd. Namely otherwise the root system of G
is of type BCm , m = 2 and whence G contains nonabelian root groups, which cannot act quadratically
on any nontrivial ZpG-module. In the remaining cases we have for α ∈ Φ that
Xα  SL( q), resp. SL2(q2) if α is short and G = 3D4(q) resp.
Xα  SL2(q3) if α is short and G = 3D4(q).
(2G2(q) does not occur, as will be shown in 6.3.) Hence the results of Section 2 hold. We will use the
following embeddings, see [Ste],
C(q) = Sp(2,q) ⊆ SU(2,q) = 2A2−1(q),
B−1(q) = Ω(2− 1,q) ⊆ Ω−(2,q) = 2D(q),
F4(q) ⊆ 2E6(q) and G2(q) ⊆ 3D4(q)
(∗)
in which a long root subgroup of the untwisted groups remains a long root subgroup of the twisted
group and a short root subgroup of the untwisted group is contained in a short root group of the
twisted group. Notice that (∗) implies that 3.8 also holds for the twisted groups different from 2G2(3)
when q = 3. Namely, if Xα  SL2(3), then α is a long root and whence by (∗) Xα is conjugate to a
fundamental subgroup of a Chevalley group. Hence 3.8 implies
V = CV (Xα)⊕ [V , Xα].
We start with
Lemma 6.1. Suppose that G = SU2(q) = 2A2−1(q). Then V = CV (G) ⊕ [V ,G] and [V ,G] is the direct sum
of natural modules for SU2(q).
Proof. By 2.7 we may assume V = [V ,G]. Let Y = Sp(2,q) be contained in G in the way described
in (∗). For a short root α let Yα  Xα be the fundamental subgroup of Y generated by the root sub-
groups Aα , A−α of Y . Then by 2.1 CV (Yα) = CV (Xα) so that CV (Y ) = 0, since we assume CV (G) = 0.
(If q = 3, then |Aα | = 32. So we may use 2.1.) Hence by 4.3 V is the direct sum of natural modules
for Y = Sp(2,q). In particular [V , A, B] = 0 for commuting long root subgroups of G .
Let
   · · · <1 2 −1 
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〈C(Ah) ∩ Σ〉. Let W be a natural Y -submodule and 0 = v ∈ W ∩ [V , Ah]. Then v ∈ [W , Ar1 ] and thus
by 2.1 〈v Xr1 〉 is a natural module for Xr1  SL2(q2). In particular VH = 〈vHr1 〉 = 〈vH 〉 is of order q2.
Now by 4.1 V = 〈vL0 〉 is the natural module for L0  SL(q2) and is centralized by UL , L = Π −
{r}. Let V− = V w
0
 . Then V
−
 is also a natural module for L
0
 and whence V ∩ V− = 0 since clearly
V = V− . We claim that (+) [V− ,UL] = V and [V,U− ] = V− .
Suppose the claim holds. Then W = V ⊕ V− is G = 〈UL,U−L 〉-invariant and |W | = (q2)2 . Since
〈vH 〉 ⊆ W and since Hr1  GF(q2)∗ acts by scalar multiplication on VH (as 〈v Xr1 〉 is a natural Xr1 
SL2(q2)-module), 2.6 implies that W is isomorphic to the natural module as ZpG-module. Since each
nonzero vector of [V , Ah] is the sum of such vectors v , this shows that 6.1 holds.
Thus it remains to prove (+). But the proof of (+) is exactly the same as in 4.3. (I.e.
V− = V w
0
H + V
w0wr1
H + · · · + V
w0wr1 ···wr−1
H
[V w0H , Ah] = VH and Ah centralizes all the other summands.) 
Theorem 6.2. Suppose G = Ω−(2,q)  2D(q),  3. Then V = CV (G) ⊕ [V ,G] and [V ,G] is the direct
sum of spin modules for Ω−(2,q).
Proof. By 2.7 we may assume CV (G) = 0 and V = [V ,G]. Let Y = Ω(2− 1,q)  B−1(q) be embed-
ded in G in the way described in (∗). Then as in 6.1 CV (Y ) = 0. Hence by 4.5 V is the direct sum of
spin modules for Y .
If  = 3 then the theorem holds by 6.1, since Ω−(6,q)  SU(4,q) and the spin module for Ω−(6,q)
is the natural module for SU(4,q). So we may assume  4 and the theorem holds for − 1. Let
   · · · >1 2 
be the Dynkin diagram of G . Then
C(Ah) = P02 = U2
(
SL2(q)×Ω−(2− 4,q)
)
and, as in the proof of 4.5, U2 SL2(q) ⊆ C([V , Ah]). In particular U1 ⊆ C([V , Ah]), since U1 ⊆ U2 SL2(q).
Because V is the direct sum of spin modules for Y , we have
CV
(
L01
)⊆ CV (L01 ∩ Y )= 0.
Hence 〈[V , Ah]L01 〉 is by induction assumption the direct sum of spin modules for L01  Ω−(2− 2,q).
Let 0 = v ∈ [V , Ah] ∩ CV (U ). Then, as in the proof of 4.5, v is centralized by P0 = 〈Xr1 , (P1 ∩ P)0〉.
Since V1 = 〈v P01 〉 is a spin module for L01 we obtain
VH =
〈
vH
〉= 〈vHr 〉 is of order q2
and VH + V whH is the direct sum of two natural modules for Xh .
Let V−1 = V w
0
1 . Then V
−
1 is also a spin module for L
0
1. We claim that V1 ⊕ V−1 is G-invariant. As in
the proof of 4.4 U1 = Ah(U1∩Mr1 ) and [U1∩Mr1 , V whH ] ⊆ [U1∩Mr1 , V wh1 ] ⊆ V1. Since [V whH , Ah] = Vh ,
this implies [U1, V whH ] ⊆ V1. Now by 2.11 V whH = V
wr1 wh
H = V ww
0
H ⊆ V w
0
1 ⊆ V−1 for some w ∈ W1 and
whence V−1 = 〈(V whH )L
0
1 〉. This shows [U1, V−1 ] ⊆ V1 and
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U−1 , V1
]= [Uw01 , (V−1 )w0]= [U1, V−1 ]w0 ⊆ V−1 ,
which proves our claim.
Obviously V1 ⊕ V−1 is an irreducible G-module and thus by 2.6 V1 ⊕ V−1 is a spin module. Since
V = Σ[V , Ah]g, g ∈ G and since [V , Ah] is generated such vectors v , as 〈[V , Ah]L01 〉 is a direct sum of
spin modules for L01, this proves 6.2. 
Lemma 6.3. G cannot be of type 2G2(q), 3D4(q) or 2E6(q).
Proof. Notice that the 2-Sylow subgroups of 2G2(q) are abelian. Hence SL2(3) is not involved in G2(q)
and thus the 3-elements of G2(q) cannot act quadratically by classic results on p-stability. Thus the
lemma is a consequence of (∗) and 5.5. 
Now the main theorem is a consequence of Sections 4–6.
7. Proof of the Corollary
First we prove the independent
Lemma 7.1. Suppose that G is a Chevalley group of type A , D or E over the ﬁeld k of char. = 2 and α is a
fundamental root of the root system of G. Let iα be the central involution of Xα = 〈Aα, A−α〉. Then CUα (Xα) =
CUα (iα). (Uα the unipotent radical of the parabolic subgroup Pα .)
Proof. We have
Uα = Π Aβ, where β runs over Φ+ − {α}.
Suppose {β,β + α} ⊆ Φ+ − {α}. Then [Aβ, Aα] = Aβ+α and [Aβ+α, A−α] = Aβ . Hence Aβ Aβ+α is
a natural module for Xα and thus iα acts ﬁxed point freely on Aβ Aβ+α . Similarly, if {β,β − α} ⊆
Φ+ − {α}, then Aβ Aβ−α is also a natural module for Xα . This implies
CUα (Xα) = Π Ar where r ∈ Φ+ − {α} and r + α /∈ Φ and r − α /∈ Φ+
= CUα (iα). 
Proof of the Corollary. Suppose G is as in the Corollary and y ∈ G acts quadratically on the nontrivial
ZpG-module V . Under all such y choose y such that dim[V , y] is minimal. Then y is a p-element and
whence we may assume y ∈ U , U the unipotent subgroup. Conjugating with Weyl-group elements,
see [P,S, Lemma 1], we may thus assume
y = aα(t)Πaβ(tβ), where α is a fundamental root, t = 0 and β ∈ Φ+ − {α}.
Since Xα  SL2(q) there exists an x ∈ Xα such that aα(t)x = a−α(τ ) for some τ ∈ GF(q) and
〈aα(t),a−α(τ )〉 = Xα . Let h = yx and X = 〈y,h〉. Then Uα X = Uα Xα and whence X/X ∩ Uα  SL2(q).
Hence by the minimality of dim[V , y] and the SL2-lemma, see [Ti1, V(1.12)] resp. [Ho] when p = 3,
we obtain X  SL2(q) and if y is in the same unipotent subgroup of X as y, then CV (y) = CV (y) and
[V , y] = [V , y]. (The exceptional possibilities SL2(5) and Z3 × SL2(3) of [Ho] do not occur, since we
already know that X/X ∩ Uα  SL2(q).) Let i be the central involution of X . Then i is conjugate to iα
in Uα and we may assume i = iα . Thus
X  CP0 (iα) = CUα (iα)Xα = CUα (Xα)× Xαα
60 F.G. Timmesfeld / Journal of Algebra 355 (2012) 35–60by 7.1. Hence we obtain X = X (∞)  (CUα (Xα) × Xα)(∞) = Xα . Thus X = Xα , y ∈ Aα and [V , y] =[V , Aα]. Hence Aα acts quadratically on V . 
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